In 1938, Gini [3] studied a mean having two parameters. Later, many authors studied properties of this mean. In particular, it contains the famous means as harmonic, geometric, arithmetic, etc. Here we considered a sequence of inequalities arising due to particular values of each parameter of Gini's mean. This sequence generates many nonnegative differences. Not all of them are convex. We have established new sequences of inequalities of these differences. Some refinement inequalities are also presented. Considering in terms of probability distributions these differences, we have made connections with some well known divergence measures.
GINI MEAN OF ORDER R AND S
The Gini [3] mean of order r and s is given by (1)
In particular when s = 0 in (1), we have 
Again, when s = r − 1 in (1), we have E r,r−1 (a, b) := K s (a, b) = a r + b r a r−1 + b r−1 , r ∈ R.
(3)
The expression (2) is famous as mean of order r or power mean. The expression (3) is known as Lehmer mean[4] . Both these means are monotonically increasing in r. Moreover, these two have the following inequality [2] among each other:
B r (a, b) < L r (a, b), r > 1 > L r (a, b), r < 1 .
DOI 10.2478/v10294-012-0014-2 ©University of SS. Cyril and Methodius in Trnava Since E r,s = E s,r , the Gini-mean E r,s (a, b) given by (1) is an increasing function in r or s. Using the monotonicity property [1], [7] , [5] we have the following inequalities:
or E −3,−2 ≤E −2,−1 ≤ E −3/2,−1/2 ≤ E −1,0 ≤ E −1/2,0 ≤ ≤ E −1/2,1/2 ≤ E 0,1/2 ≤ E 0,1 ≤ E 1/2,1 ≤ E 1,2 .
Equivalently,
or
where H, G, A and S are respectively , the harmonic, geometric, arithmetic and the square-root means. We observe from the expression (7) that the means considered either are the particular cases of (2) or of (3), while in the second case we have we have a mean E 1/2,1 , which is neither a particular case of (2) nor of (3). We can easily find values proving that there is no relation between S and E 1/2,1 . Summarizing the expressions (7) and (8), we can write them in joint form as
where P 1 = K −2 , P 2 = K −1 , P 3 = K −1/2 , P 4 = B −1/2 , N 1 = B 1/2 , P 5 = E 1/2,1 and P 5 = K 2 .
In [9; ?], the author studied the following inequalities:
where
The expression N 3 (a, b) is famous as Heron's mean. The inequalities (10) admit many non-negative differences. Bases on these difference the author [9; ?] proved the following result:
where D SA = S − A, D SH = S − H, etc. Some applications of the inequalities (11) can be seen in [6], [7] .
Combining (9) and (10), we have the following sequence of inequalities:
The inequalities (12) admits many nonnegative differences such as
More precisely, the expression (12) and the function f : (0, ∞) → R given in (13) lead us to the following result:
x(x 2 + 1) x 3 + 1
x(x + 1)
x + 1 2
The inequalities appearing in (12) produces many nonnegative differences. In total, we have 77 differences. Some of them are not convex and some of them are convex. Some of them are equal to each other with some multiplicative constants such as
We leave to the readers to verify the convexity of the measures D P6N2 , D P6N3 ,
While, the convexity of the difference of means Taneja [9; ?] . We observe that not all difference of means are convex [12] .
In this paper our aim is to produce new inequalities for the difference of means arising due to inequalities given in (12) . In another words we shall improve considerably the inequalities given in (11) . For this we need first to know the convexity of the difference of means. In total, we have 77 differences. Some of them are equal to each other with some multiplicative constants. Some of them are not convex and some of them are convex.
SEQUENCES OF INEQUALITIES
In this section we shall bring sequence of inequalities based on the differences arising due to (12). The results given in this section are based on the applications of the following lemma [11]:
Lemma 2.1. Let f 1 , f 2 : I ⊂ R + → R be two convex functions satisfying the assumptions:
(ii) f 1 and f 2 are twice differentiable in R + ; (iii) there exists the real constants α, β such that 0 α < β and
for all x > 0 then we have the inequalities:
for all a, b ∈ (0, ∞), where the function ϕ (·) (a, b) is given by
Theorem 2.1. The following sequences of inequalities hold:
and
PROOF. We shall prove each part separately.
(
Since f P6P2 P6P1 (x) > 0, ∀x > 0, x = 1, this proves the required result.
where f P6P2 (x) and f SA (x) are as given by
with
Since h 2 (x) > 0 giving k 2 (x) > 0, ∀x > 0, x = 1. This proves the required result.
Argument: Let a and b two positive numbers, i.e., a > 0 and b > 0.
We have used this argument to prove k 1 (x) ≥ 0, ∀x > 0. We shall use frequently this argument to prove the other parts.
Remark 2.1. According the parts 1 and 2, we observe that it is sufficient to write and show the nonnegativity of the expressions (19) and (20) for the other parts. The rest part of the proof follows on similar lines. Throughout, it is understood that ∀x > 0, x = 1.
(3) For D AH ≤ 8 9 D P6N2 : In this case we have
Let us consider
(4) For D AH ≤ 6 7 D P6N3 : In this case we have
(9) For D SP4 ≤ 5 7 D P6P4 : In this case we have
Let us consider
x 4 + 8x 7/2 + 94x 3 + 264x 5/2 + +386x 2 + 264x 3/2 + 94x + 8 √ x + 1 .
(10) For D P6N2 ≤ 3 4 D P6G : In this case we have
(11) For D P6N1 ≤ 5 6 D P6G : In this case we have
(15) For D P5H ≤ 10D N2N1 : In this case we have
x 4 + 24x 7/2 + 72x 3 + 120x 5/2 + +126x 2 + 120x 3/2 + 72x + 24 √ x + 1 .
(16) For D AP4 ≤ 6D N2N1 : In this case we have
(17) For D AN2 ≤ 1 6 D P5G : In this case we have
(20) For D P5N3 ≤ 10 9 D P5N2 : In this case we have
where k 10 (x) = 2 4x 2 + 9x 3/2 + 14x + 9 √ x + 4 − 5 √ 2x + 2 √ x + 1 3 .
h 10 (x) = 2 4x 2 + 9x 3/2 + 14x + 9 √ x + 4
Parts 1-21 and the expression (11) together proves the sequences of inequalities appearing in (16). (22) For D SN2 ≤ 5 6 D SN1 : In this case we have
In order to prove k 12 (x) > 0, ∀x > 0, x = 1, here we shall apply twice the argument given in part 2. Let us consider
Applying again the same process over h 12 (x), we get
Since h 12a (x) > 0, giving h 12 (x) > 0. This proves k 12 (x) > 0. (23) For D SN1 ≤ 1 2 D P6G : In this case we have
where k 13 (x) = 3x 2 + 2x + 3 − 2 (x + 1) 2x 2 + 2.
(24) For D SG ≤ 4 5 D P5H : In this case, we have
(25) For D P6G ≤ 6 5 D P5H : In this case we have
Parts 22-25 and the expression (11) together proves the sequences of inequalities appearing in (17).
(26) For D P6P1 ≤ 16 9 D P5P2 : In this case, we have
(27) For D P5P1 ≤ 13 12 D P6P2 : In this case, we have
x 5 + 30x 9/2 + 89x 4 + 152x 7/2 + +181x 3 + 190x 5/2 + 181x 2 + +152x 3/2 + 89x + 30
(28) For D P5P1 ≤ 13 9 D P5P2 : In this case, we have
(29) For D P6P2 ≤ 12 7 D P5P3 : In this case, we have
(30) For D P5P2 ≤ 9 7 D P5P3 : In this case, we have
(31) For D P5P3 ≤ 14 9 D P6N2 : In this case, we have
x 6 + 268x 11/2 + 1143x 5 + 782x 9/2 + +2597x 4 + 2014x 7/2 + 4478x 3 + +2014x 5/2 + 2597x 2 + 782x 3/2 + +1143x + 268
(32) For D P6N2 ≤ 9 4 D P6S : In this case, we have
where k 15 (x) = 2 √ 2x + 2 √ x + 1 (x + 1) + 10x 2 + 10 − 9 (x + 1) 2x 2 + 2.
In order to prove k 15 (x) > 0, we shall apply twice the argument given in part 2. Let us consider h 15 (x) = 2 √ 2x + 2 √ x + 1 (x + 1) + 10x 2 + 10 2 − − 9 (x + 1) 2x 2 + 2
Applying again over h 15 (x) the argument given in part 2, we get
Since h 15a (x) > 0 giving h 15 (x) > 0, and consequently, we have k 15 (x) > 0.
(33) For D P6S ≤ D AG : In this case, we have
Now we shall show that k 16 (x) > 0, ∀x > 0, x = 1. Let us consider
Parts 26-33 proves the sequences of inequalities appearing in (18).
Remark 2.2. In view of Theorem 2.1, we have the following improvement over the inequalities (11):
Refinement Inequalities
In this subsection, we shall present improvement over the inequalities given (12). Results obtained in Theorem 2.1, can be written in an individual form. Let us divide them in two two groups. The first one is with three measures and the second group is with four measures.
Group 1
(1) P 2 ≤ P6+3P1 4 ;
(2) 2S+H 3 ≤ A;
(3) P6+14N1
15
≤ N 3 ;
(4) P6+2P4 3 ≤ N 3 ;
(5) S ≤ 5P6+2P4 7 ;
(6) P6+3G 4 ≤ N 2 ;
(7) P6+5G 6 ≤ N 1 ;
Group 2
(1) 6A + P 6 ≤ 6S + P 2 ;
(2) 9A + 8N 2 ≤ 9H + 8P 6 ;
(3) 9A + 6N 3 ≤ 7H + 6P 6 ;
(4) 5A + 4P 4 ≤ 5H + 4S;
(5) S + N 1 ≤ P 4 + P 6 ;
(6) 6H + 5P 6 ≤ 6P 5 + 5G;
(7) 2P 4 + P 6 ≤ 2A + G;
Based on the inequalities appearing in Groups 1 and 2, we have the theorem giving the refinement over the inequalities appearing in (12).
Theorem 2.2. The following inequalities hold:
The proof of the above theorem is based on the same techniques applied for the Theorem 2.1. This shall be dealt [13] elsewhere.
CONNECTIONS WITH INFORMATION MEASURES
Let Γ n = P = (p 1 , p 2 , ..., p n ) p i > 0, n i=1 p i = 1 , n 2, one gets
In view of (25), we conclude that the function g AP4_I (x) is increasing in x ∈ (0, 1) and decreasing in x ∈ (1, ∞) , and hence β AP4_I = sup x∈(0,∞) g AP4_I (x) = g AP4_I (1) = 3 2 .
By the application of Lemma 2.1 with (26) we get the required result.
(ii) For D P5G 3 16 J: Let us consider
Calculating the first order derivative of the function g P5G_J (x) with respect to x, one gets
In view of (27), we conclude that the function g P5G_J (x) is increasing in x ∈ (0, 1) and decreasing in x ∈ (1, ∞), and hence β P5G_J = sup x∈(0,∞) g P5G_J (x) = g P5G_J (1) = 3 2 .
By the application of Lemma 2.1 with (28) we get the required result. Calculating the first order derivative of the function g P5A_T (x) with respect to x, one gets
In view of (29), we conclude that the function g P5A_T (x) is increasing in x ∈ (0, 1) and decreasing in x ∈ (1, ∞), and hence β P5A_T = sup x∈(0,∞) g P5A_T (x) = g P5A_T (1) = 1 2 .
By the application of Lemma 2.1 with (30) we get the required result.
Here we have referred Lemma 2.1, but its extension for the probability distributions is already proved in [9; ?].
